Abstract-The scattering from a large complex structure comprised of many objects may be efficiently tackled by embedding each object within a bounded domain (brick) which is described through a scattering operator. Upon electromagnetically combining the scattering operators we arrive at an equation which involves the total inverse scattering operator 1 of the structure: We call this procedure linear embedding via Green's operators (LEGO). To solve the relevant equation we then employ the eigencurrent expansion method (EEM)-essentially the method of moments with a set of basis and test functions that are approximations to the eigenfunctions of 1 (termed eigencurrents). We have investigated the convergence of the EEM applied to LEGO in cases when all the bricks are identical. Our findings lead us to formulate a simple and practical criterion for controlling the error of the computed solution a priori.
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I. INTRODUCTION
L
INEAR embedding via Green's operators (LEGO) is a domain decomposition method (DDM) particularly suited for solving the scattering and radiation of electromagnetic (EM) waves from (both 2-D and 3-D) large composite structures comprised of many bodies [1] - [4] . In the LEGO concept, similarly to other DDMs (e.g., [5] - [9] ), we tear apart the structure into its constituent elements and we embed them within bounded (possibly interconnected) sub-domains, dubbed bricks. After describing each brick by means of a scattering operator, we capture the underlying physics of the whole original structure (i.e., the multiple scattering among the objects) by means of the total inverse scattering operator [2] , [4] , which can be written analytically in a formal fashion.
The equation involving has to be solved for the (equivalent) scattered currents by a suitable numerical method. To this purpose, a direct application of the method of moments (MoM) [10] with some kind of sub-domain basis functions, such as the Rao-Wilton-Glisson (RWG) [11] div-conforming vector elements, may not be advisable when a large 3-D problem is addressed. In fact, the matrix of the resulting algebraic system becomes too big to be stored and formally inverted using a direct solver, even for moderate numbers of bricks.
In order to handle larger EM problems, in [2, Section IV], we proposed the eigencurrent expansion method (EEM), as an alternative to the bare MoM. In short, the EEM consists of using a set of approximated eigenfunctions of (termed eigencurrents) to represent . To obtain the scattering operators of the bricks (and hence ) we actually resort to the MoM. Hence, the EEM is practically implemented as a basis change from the underlying set of RWG functions. In [2] we also demonstrated that the eigencurrents can be separated into two types, i.e., coupled and uncoupled. This observation enabled us to reduce the system matrix (in the basis of the eigencurrents) to block-diagonal form with just two blocks. The first one-associated with the coupled eigencurrents and fully populated-is ordinarily quite small as compared to the size of the whole matrix. Conversely, the other block-associated with the uncoupled eigencurrents and possibly huge-is diagonal and therefore it is effortlessly stored and (formally) inverted.
No clear transition exists between the two types of eigencurrents: Hence one may expect the computed solution to depend on the relative dimension of the sets of coupled and uncoupled eigencurrents. Concerning this, we numerically demonstrated in [2, Section V] that the EEM does converge, when the number of coupled eigencurrents is gradually increased (at the expense of the number of uncoupled eigencurrents). We also argued that a rule for dividing the eigencurrents is hard to state, for many factors come into play.
However, in an attempt to shed light on the convergence properties of the EEM applied to LEGO, we have worked out two purposeful case studies in the notable instance when the structure involves identical objects. Upon analyzing the eigenvalues of the scattering operator, we are indeed able to formulate a quite general criterion for determining the number of coupled eigencurrents a priori for a desired level of approximation.
To be more specific, in Section III we first investigate how the size and the shape and the EM properties of the body enclosed in a brick affect the spectrum of the relevant scattering operator. Secondly, we relate the error committed on the scattered currents (calculated through the EEM) to the eigenvalues of the scattering operators. It turns out that there is a simple relationship (practically linear) between the error and the 0018-926X/$26.00 © 2010 IEEE eigenvalue pertinent to the highest-order coupled eigencurrent. What's more, this relationship appears virtually independent of the bricks' content and only weakly dependent on the frequency and the distance of the LEGO bricks.
Then, in Section IV we discuss our findings and draw up a practical rule for estimating the error of the computed solution or, conversely, for choosing the number of coupled eigencurrents required to attain a desired level of accuracy.
We mention that a convergence study was conducted for the synthetic-functions approach [7] . However, [7] does not provide an a-priori criterion for truncating the basis of the synthetic functions. To the best of our knowledge, the quest for a criterion for controlling the error has not been attempted so far for other DDMs.
II. OVERVIEW OF LEGO/EEM AND NOTATION
In what follows we conform to the assumptions and definitions adopted in our previous work on LEGO and EEM [2] . To reiterate briefly, we deal with a 3-D structure comprised of PEC or penetrable objects (immersed in a homogeneous background medium) which we embed in as many LEGO bricks , . We employ the MoM to compute the scattering operator of and the transfer operator from to , . To this purpose, we model both the surface of the object inside and the boundary with 3-D surface triangular meshes on which we define and RWG functions, respectively. The algebraic counterparts of and are then [2, Section IV]
(1) (2) where the relevant operators are listed in [2, Tables I-III] .
Finally, the algebraic equation to be solved is:
where the system matrix has rank . The diagonal blocks of are the (formal) inverse of (1), whilst the off-diagonal blocks are the negative of (2). The column vectors , contain the expansion coefficient of the scattered and incident current densities defined on either side of , viz.,
where a normalization factor is included in , with being the intrinsic impedance of the background medium.
To solve (3) with the EEM, we form a basis of approximated eigencurrents of by juxtaposing the eigenvectors of [2] . Thereby, vanishes everywhere but on the th brick, and two distinct eigencurrents with are orthogonal with respect to the standard inner product. Moreover, it is worth noticing that the scattering matrix is rank-deficient whenever , as the MoM matrix in (1) has size . We will go back to this point in Section IV-A. For the time being, we solely observe that the number of coupled eigencurrents , "contributed" by a brick, cannot exceed or, stated another way, the eigencurrents corresponding to the null space of , if they exist, are uncoupled.
Keeping this in mind, it is evident that inverting (3) through the EEM and as many coupled eigencurrents as possible is equivalent to solving (3) with the original basis of RWG functions 1 . In fact, in this instance the EEM boils down to a mere basis change with no order reduction (see [2, Section IV] ). For this reason we assume the latter solution as the reference for our comparisons, and we denote it by . Then, as a measure of the global accuracy of the solution computed with the EEM, we define the relative error on the scattered current coefficients as (cf. [7, Eq. ( 33)]) (5) where denote the vector 2-norm [13] in the space spanned by the rows of . To assess the pointwise accuracy of , we introduce the local deviation with respect to the reference solution (cf. [7, Eq. (34)]), namely, (6) where (and analogously ) are defined in (4).
III. TWO CASE STUDIES
The structures we considered are: A) an aggregate of perfect electric conducting (PEC) cubes and B) an aggregate of penetrable cylinders; in both cases the incident field was the plane wave where with the wavelength in vacuum. Below we first describe the case studies. The discussion is postponed to Section IV for the sake of clarity.
A. Scattering From PEC Cubes With Varying Size
The PEC cubes (edge ) are arranged in a regular rectangular pattern (lattice constant ) parallel to the plane. In accordance with LEGO, we enclosed the cubes within touching cubic bricks (edge ). We considered five realizations of the cubes with increasing edge length, namely,
. Additionally, we allowed for three different electrical sizes of the bricks, viz., . For the sake of clarity, in Fig. 1 we report the case as well as the corresponding LEGO bricks. Also shown are 1 To verify our assumption, for the 4-cube case study discussed in Section III-A we have computed the scattered current coefficients through the baseline MoM as follows. By solving an EFIE [12] over the cubes (with 4N RWG functions) we have obtained the current density coefficients [q ] . the 3-D surface triangular meshes that are support to the underlying set of RWG basis functions employed in conjunction with MoM. In order to keep the mesh density at a constant value, over each cube's surface we adjusted the number of facets while increasing . Consequently, we set to , whereas the number of RWG functions on was fixed at . With these choices the average (electric) length of the edges in the mesh on and is and , respectively. To begin with, we obtained the scattering operators
(1) through the MoM: As a matter of fact, since the bricks are identical, we had to do the calculations for just one brick. Then, for each pair we computed the eigenvalues of . The results (i.e., ) are plotted in Figs. 2-4 as a function of the eigenvalue index and for the three values of . The parameter of the lines is the ratio , whilst the insets show the first four eigenvalues versus . Finally, the circle on each curve tags the eigenvalue . Secondly, we repeatedly solved (3) with the EEM, while retaining an increasingly larger number of coupled eigencurrents per brick. To be specific, was set upon Tables I-III . Afterwards, from the knowledge of we calculated the corresponding 2-norm error with (5) . In doing so, we obtained the sets of curves plotted in Fig. 5 for the three values of . The quantity on the horizontal axis (note the reversed scale) is , i.e., the magnitude of the eigenvalue corresponding to the last coupled eigencurrent contributed by . Once again the parameter of the lines is . Thirdly, to probe the effect of the lattice constant, we repeated the test above for , and Fig. 6 . 2-norm error of the equivalent scattered current coefficients [q ] relevant to the four cubic bricks shown in Fig. 1 as a function of the eigenvalue pertinent to the last coupled eigencurrent and for increasing values of w=d. Inset: cartoon of the cubic bricks and geometrical quantities.
, and we calculated . The selected values of can be retrieved from Table III as well. The results are plotted in Fig. 6 versus , where the parameter is now . Eventually, for all of the cases above we calculated the local deviation of from (6) . As an example, in Fig. 7 we report for the realization , and -which corresponds to and . It can be noted that the largest value taken on by is and that the accuracy of the scattered current densities and [2] is basically the same.
B. Scattering From Dielectric Cylinders With Varying Permittivity
The dielectric cylinders (radius and height ) are arranged in a regular triangular pattern parallel to the plane. We embedded the cylinders within bricks which are hexagonal right prisms (edge and height .) To investigate the effect of the material properties, we considered five different realizations of the cylinders with different relative permittivity, namely, . Instead, we held the relative size of cylinders and bricks fixed and the brick's size constant ( .) Shown in Fig. 8 are the cylinders and the bricks along with their 3-D surface triangular patching. In particular, the number of RWG functions defined on a brick's boundary and on a cylinder's surface is and . Accordingly, the average (electric) length of the edges in the mesh is on and on . As in the previous case study, we computed the scattering operator of one brick. Calculation of the induced current densities on the embedded cylinder was carried out through the PM-CHWT set of integral equations [12] . The spectrum of is plotted in Fig. 9 versus ; the parameter of the curves is , whereas the inset displays the first four eigenvalues as a function of .
Upon repeatedly inverting (3) by applying the EEM with more and more coupled eigencurrents (see Table IV for the relevant values), we computed and subsequently from (5). The results are presented in Fig. 10 as a function of for and the five values of permittivity selected above. From Figs. 2-4 and 9 we observe the following. 1) The decay rate of the spectrum of increases as the relative size of the body enclosed in is reduced Fig. 10 . 2-norm error of the equivalent scattered current coefficients [q ] relevant to the three hexagonal bricks shown in Fig. 8 as a function of the eigenvalue pertinent to the last coupled eigencurrent for l= = 0:13343 and increasing values of " . or, from another perspective, the boundary of the brick is moved farther away from the surface of the object.
IV. DISCUSSION OF RESULTS
A. Spectrum of
2) The bigger the object with respect to the enclosing brick, the larger the amplitude of the th eigenvalue, . Apparently, this applies to most of the spectrum, but it may not be true for the very first eigenvalues (as confirmed by the inset in Fig. 3 ) which correspond to the strongest reflections in view of the physical meaning of . It is worthwhile noticing at this point that, as long as the medium embedded within a brick is passive, the eigenvalues of cannot exceed unity (in magnitude), based on physical grounds. Numerical experiments (not reported here) show that the 's do approach unity when the enclosed object fills the brick almost totally.
3) The spectrum of depends only weakly on the EM properties of the embedded object, with the most evident variations regarding the first eigenvalues (inset of Fig. 9.) 4) The electric size of the bricks does not seem to play a major role, at least in the present numerical experiments. At any rate, for a given geometry, increasing the frequency causes the whole spectrum to drift toward higher values of . 5) In cases when , the spectrum of exhibits an abrupt discontinuity occurring for : From that index on the eigenvalues are theoretically zero and in practice close to or below the threshold of numerical noise for double-precision floating-point operations. However, we emphasize that we are not in trouble with the calculation of , even though this entails . In fact, as detailed in [2, Section IV], on the one hand, we never compute as such, but to apply the EEM we just invert the eigenvalues corresponding to the coupled eigencurrents, whereas, on the other hand, we need not invert the eigenvalues of the uncoupled eigencurrents (which may be null.) Therefore the stability of the EEM is not endangered, provided
, as anticipated in Section II. Only, when , has to be interpreted formally, because is meaningless. One may also argue, in the light of Figs. 2-4 and 9, that the spectral condition number of is very high. In general, though, neither nor [see (1) ] are to be blamed for the overall ill-conditioning of . To back up our statement, in Table V we list and for the 4-cube case study of Section III-A. In practice, happens to be more or less well-conditioned depending on the kind of integral equations posed on and on the mesh density. Thereby, the inversion of and (and hence the calculation of ) is not an issue. As a matter of fact, is mostly affected by the propagation matrices and , which relate currents on to fields on and viceversa [2, Table III ]. These matrices are intrinsically rank-deficient in that the number of basis functions on and need not be the same. Rather, and have to be adjusted independently, according to the commonly accepted meshing criterion (i.e., mesh edge ). Nevertheless, even though and coincided, the effective rank of and could be smaller than , since the entries of and can be proven to decay to zero when the distance between and is increased. Accordingly, the columns of and become almost linearly dependent, and a singular value decomposition reveals that the higher-order singular values of and are null or nearly so.
B. Relative Error on the Computed Currents
From Figs. 5, 6 and 10 we observe the following. 1) The relative error decreases linearly (in a logarithmic scale) with , viz., the amplitude of the eigenvalue pertaining to the highest-order coupled eigencurrent. Notice that the actual number of coupled eigencurrents , relative to a given value of , may be different for different geometries and frequencies, as suggested by Figs. 2-4 and 9.
2) The relative error appears virtually independent of the size and the EM properties of the objects and only weakly affected by the frequency. In practice, when increases, diminishes, which shows as a leftward drift of the error curves. 3) For given frequency and geometry, improves when the bricks are located farther away. This effect, however, may not be explained by the behavior of , since is not affected by the relative position of the bricks in space. The latter, though, enters through the transfer operators (2) . Based on established multipole expansion methods [14] , [15] , we expect the entries of to become smaller and smaller when and are set farther and farther away. Consequently, the eigencurrents are more and more attenuated while propagating from to . This means that ever more eigencurrents become uncoupled, if is increased. Therefore, holding (and hence ) fixed must yield more accurate results, as confirmed by Fig. 6 .
C. Number of Coupled Eigencurrents
The diagrams of Figs. 5, 6 and 10 can be used in two complementary ways. First of all, entering the plots with , we can determine the accuracy of the solution to (3) obtained through the EEM applied with coupled eigencurrents. Alternatively, and perhaps more fruitfully, entering the plots with , we can read off , whence we determine , i.e., the number of coupled eigencurrents necessary for attaining the desired accuracy. Now, since the error curves in Figs. 5, 6 and 10 are practically straight lines with slope (recall the horizontal scale is reversed), by direct inspection we are able to fit the pairs by means of the mathematical linear mapping (7) where (which constitutes the vertical intercept) represents the value of when . From the preceding discussion, it is clear that in (7) ought to be determined specifically for the problem under consideration. Nonetheless, our findings also tell us that is only weakly dependent on , , , and the EM properties of the embedded object. In the light of Figs. 5, 6 and 10, we conservatively set , which should be fine for reasonable values of the relevant parameters. Thus, for the sake of argument, assuming we want to solve (3) with an error , then from (7) we know that
. From the knowledge of we deduce by simply counting the eigenvalues that satisfy the condition .
V. CONCLUSIONS
Upon investigating two case studies, we have addressed the convergence of the EEM applied to LEGO. In particular, by analyzing the effects that geometrical and EM parameters as well as the frequency have on the eigenvalues of a brick's scattering operator, we have empirically found that there exists a simple relationship between the error on the current and the amplitude of the eigenvalue corresponding to the highest-order coupled eigencurrent. We have translated this law into a compact approximate mathematical formula, which can be practically implemented in a numerical code for choosing the required number of coupled eigencurrents a priori. 
